ABSTRACT. Let R be a commutative finite chain ring of invariants (q, s ), and Γ(R) the Teichmüller's set of R. In this paper, the trace representation cyclic R -linear codes of length ℓ, is presented, when gcd(ℓ,q) = 1. We will show that the contractions of some cyclic R -linear codes of length u ℓ are γ -constacyclic R -linear codes of length ℓ, where γ ∈ Γ(R)\{0 R } and the multiplicative order of γ is u .
INTRODUCTION
Let R be finite chain ring with invariant (q, s ), π : R → q be the natural ring epimorphism, and ℓ a positive integer such that gcd(q,ℓ) = 1. Let R In the literature [3, 5, 10, 11, 12] , the class of γ -constacyclic R -linear codes, which are studied, have the following property γ ∈ 1 R + Rθ .
In this paper, on the one hand, we will describe each γ -constacyclic R -linear code of length ℓ, as contraction of a cyclic R -linear code of length u ℓ, and on the other hand, we will investigate on the structure of γ -constacyclic R -linear codes, where γ ∈ Γ(R) \ {0 R }.
The present paper is organized as follows. In Sect. 2, we present results which will be used in the following sections. Sect. 3 studies the subring subcode and trace code of a linear codes over finite chain rings. In Sect.4, the trace-description of cyclic linear codes over finite chain rings is presented. For any γ ∈ Γ(R), we proceed to investigate on the structural properties of γ -constacyclic codes of arbitrary length ℓ, in Sect. 5.
BACKGROUND ON FINITE CHAIN RINGS
Throughout of this section, R is a commutative ring with identity and J(R) denoted the Jacobson radical of R, and R × denotes the multiplicative group of units of R. The definitions and results on the finite chain rings are extracted in monographs [6, 8] .
Definition 2.1. We say that R is a finite chain ring of invariants (q, s ), if:
(1) R is local principal ideal ring; (2) R/J(R) ≃ q and R Rθ · · · Rθ s −1 Rθ s = {0}, where θ is a generator of J(R).
The map π : R → q denotes the canonical projection.
Lemma 1.
Let R be a finite chain ring of invariants (q, s ), and θ be a generator of J(R). Then (1) R × = R \ J(R), and the ideals of R are precisely J(R) t = Rθ t , where t ∈ {0, 1, · · · , s }; (
, of order q − 1 and |1 R + Rθ | = q s −1 ; (3) for every element a ∈ R, there exists a unique (a 0 , a 1 
Definition 2.2. Let R be a finite chain ring of invariants (q, s ), and θ be a generator of J(R). The set Γ(R) = Γ(R) * ∪ {0} is called the Teichmüller set of R.
We say that the ring S is an extension of R and we denote it by S|R if R is a subring of S and 1 R = 1 S . We denote by rank R (S), the rank of R -module S. We denote by Aut R (S), the group of ring automorphisms of S which fix the elements of R. 
where U is a suitable permutation matrix. The s -tuple 
Then
( 
is also an S -linear codes of length ℓ. We say that the S -linear code
, and the trace code of over R, is the R -linear code 
Proof.We have
as is the smallest S -linear code containing , which is σ -invariant, it follows
The following Theorem summarizes the obtained results in [7] . (1) is σ -invariant;
, and Res R ( ) have the same type.
Proof.Let
be an S -linear code. 
CYCLIC LINEAR CODES OVER FINITE CHAIN RINGS
Let ℓ be a positive integer such that gcd(q,ℓ) = 1. Then the remainder q (mod ℓ) of q by ℓ, belongs to × ℓ , the positive integer m denotes the multiplicative order of q (mod ℓ). Let Σ ℓ := {0, 1, · · · , ℓ − 1} be the underling set of ℓ .
4.1. Cyclotomic cosets. Let u be a positive integer. The set of multiples of u in A is
It denotes by ℜ ℓ (q ) the set of q -closure subsets of Σ ℓ . Obviously, the q -cyclotomic cosets modulo ℓ, form a partition of Σ ℓ . Let Σ ℓ (q ) be a set of representatives of each q -cyclotomic cosets modulo ℓ.
, where φ(.) is the Euler totient function and ord ℓ (q ) := min i ∈ : q i +1 ≡ 1 (mod ℓ) .
Notation 1.
Let z ∈ Σ ℓ and A be a subset of Σ ℓ and u ∈ , with gcd(u , q ) = 1.
Example 4.1. We take ℓ = 20,q = 3. The q -cyclotomic cosets modulo ℓ, are: ∁ q ({0}) = {0}, ∁ q ({5}) = {5, 15}, ∁ q ({10}) = {10}, and and the multiplicative order of η is ℓ. The evaluation
is an S -modules monomorphism. We see that if A := {0, 1, · · · , k − 1}, then for any ℓ th -primitive root of unity η in Γ(S), the S -linear code ev η (P(S ; A)) is a primitive Reed-Solomon code. For this reason, we define Likewise Reed-Solomon codes which are a family of codes defined over large finite chain rings as follows. We remark that L η (S ; A) := ev η (P (S ; A) ) is the free S -linear code with free S -basis {ev η (X a ) : a ∈ A}, where A is a subset of
. We leave the last equality as an exercise.
Proposition 8. Let
A be a subset of Σ ℓ and u be a positive integer such that gcd(ℓ,u ) = 1. Then
Proof.Assume that gcd(ℓ,u ) = 1. Then η and η u are ℓ th -primitive roots of unity. Since
It is easy to check that
Trace representation of free cyclic linear codes.
We introduce the map trace-evaluation Tr S R • ev η :
for all a ∈ A. In the sequel, we write: C η (R ; A) := Tr S R L η (S ; A) , and C η (R ; A) is a free cyclic R -linear code of length ℓ. The immediate proprieties of trace representation of free cyclic linear codes over finite chain ring are given in the following.
Proposition 9.
Let A, B be two empty subsets of Σ ℓ . Then
Proof.Let A, B be two subsets of Σ ℓ .
(1) From Proposition 5,
The following theorem gives the number of cyclic codes and free cyclic codes over finite chain rings. is cyclic and free, and so Quot s −1 ( ) = C η (R ; A) for some A ⊂ Σ ℓ (q ) and A = . As-
Lemma 2. [1, Theorem 5.1] Let R be a finite chain ring of invariants (q, s ). Then the following holds: (1) the number of cyclic R -linear codes of length ℓ, is equal to
It is impossible, because be an irreducible. So |A| = 1. Now, ⊆ C η (R ; {z }), it follows that = θ t C η (R ; {z }), for some t ∈ {0, 1, · · · , s − 1}.
We set Σ ℓ (q ) a set of representatives of each q -cyclotomic cosets modulo ℓ. An (q, s ) -cyclotomic partition modulo ℓ, is the (s + 1) -tuple (A 0 , A 1 , · · · , A s ) with the property A t = ∁ q λ −1 ({t }) , where λ :
the set of (q, s ) -cyclotomic partitions modulo ℓ, and Cy(R,ℓ) the set of cyclic R -linear codes of length
Example 4.2.
We take ℓ = 20,q = 3 and s = 2. Then |Σ ℓ (q )| = 13 and
Theorem 4. Any cyclic R -linear code there exists a unique
A := (A 0 , A 1 , · · · , A s ) ∈ ℜ ℓ (q, s ) such that = C R (A) and C R (A) = s −1 t =0 θ t C η (R ; A t ). Moreover, the type of C R (A) is (|∁ q (A 0 )|, |∁ q (A 1 )|, · · · , |∁ q (A s −1 )|), for some A := (A 0 , A 1 , · · · , A s ) ∈ ℜ ℓ (q, s ).
Proof.Let
be an cyclic R -linear code of length ℓ. From Proposition 9, we have R
and C η (R ; {z }) 's are free irreducible cyclic R -linear codes. Therefore
Moreover, for every t ∈ {0, 1, · · · , s − 1}, the cyclic R -linear code C η (R ; A t ) is free and
gives the type of C R (A), the type of
From Proposition 4 and Theorem 4, C R (A ⋄ ) and C R (A) ⊥ have the same type, we have
CONSTACYCLIC LINEAR CODES OVER A FINITE CHAIN RING
Let γ ∈ R × and the multiplicative order of γ is u . We study the structure of contractions of cyclic R -linear codes of length u ℓ. In the section, the usage of the map
will be necessary. The contraction of a class of linear cyclic codes over finite fields have been investigated in [2] . Our contribution is the generalization of this theory of contraction of cyclic codes to finite chain rings. and τ 1 the cyclic shift on {0, 1, · · · , u ℓ − 1}. We have: 
is an γ -constacyclic R -linear code of length ℓ. For sufficiency, it is enough to note that the above proof is reversible. As ⊥ is an γ −1 -constacyclic free R -linear code of rank ℓ−|A|, the cyclic R -linear code which yields ⊥ , by contraction must have the definition set B of size |A|. A t ( mod u ) is a singleton.
